Coexistence theory and food web theory are two cornerstones of the longstanding effort 2 to understand how species coexist. Although competition and predation are known to act 3 simultaneously in communities, theory and empirical study of the two processes continue to 4 be developed independently. Here, we integrate modern coexistence theory and food web 5 theory to simultaneously quantify the relative importance of predation, competition, and 6 environmental fluctuations for species coexistence. We first examine coexistence in a classic 7 multi-trophic model, adding complexity to the food web using a novel machine learning ap-8 proach. We then apply our framework to a parameterized rocky intertidal food web model, 9 partitioning empirical coexistence dynamics. We find that both environmental fluctuation 10 and variation in predation contribute substantially to species coexistence. Unexpectedly, co-11 variation in these two forces tends to destabilize coexistence, leading to new insights about 12
variation (∆ E i ), and the interaction effect of both environmental and predator fluctuations 106 (∆ EP i ) for each species' growth rate when rare:
The Applying the framework above, we first examined the relative importance of environmen-119 tal fluctuations versus fluctuations in predator abundance using the four-species diamond 120 model ( Fig. 1A ). This classic model has a long history for analyses of trophic interactions 121 and species coexistence, including in identifying the stabilizing effect of consumer asynchrony 122 in constant environments (McCann et al., 1998) , with extensions explicitly incorporating en-123 vironmental fluctuations (Vasseur & Fox, 2007) . Furthermore, in the model, competitors 124 share resources and predators, matching common empirical systems (Williams & Martinez, 125 2000) in a mathematically simplified and tractable manner. 126 The diamond model tracks abundance of a predator, P , two consumers, C 1 and C 2 , and 127 a resource, R. Consumer 1 is the superior consumer, but is also the preferred prey species, 128 which maintains coexistence under a variety of parameterizations. In the model, dynamics 129 occur such that: 130 dP dt = −M P P + J P P [Ω P C 1 C 1 + (1 − Ω P C 1 ) C 2 ] Ω P C 1 C 1 + (1 − Ω P C 1 ) C 2 + C 0 (2)
where parameter definitions and values are given in Table 1 . Disparities in consump-131 tion of the resource and predator preference yields asymptotic dynamics where consumer 132 populations are highly asynchronous and both species co-occur (Vasseur & Fox, 2007) .
133
Environmental variation alters consumer mortality rates, M Cs,t = M C s,0 · e ζs,t , where ζ s,t 134 are random normally distributed environmental conditions. For each species, s, a time series 135 of environmental effects ζ is calculated using the Cholesky factorization of the variance-136 covariance matrix:
where σ is the environmental effect size and ρ is the cross-correlation of its effect on 138 consumer species. Multiplying Eq. 6 by a 2 X T matrix of random numbers from a normal 139 distribution with mean 0 and unit variance, where T is the total number of timesteps to run 140 the model (T = 5000), yields ζ 1,t and ζ 2,t for each timestep t.
141
Applying MCT partitioning to the diamond model, we calculated growth rate when rare 142 for each consumer species and its mechanistic decomposition. We set σ = 0.55, represen-143 tative of natural mortality rates from neotropical trees (Condit et al., 1995) and compared 144 scenarios with negative (ρ = −0.75), no (ρ = 0), and positive (ρ = 0.75) cross-correlation. 145 We then examined the relative importance of top-down versus bottom-up controls by varying 146 the predation preference for C 1 from Ω P C 1 = 0.5 (no preference) to Ω P C 1 = 1.0 (full pref-147 erence) in conjunction with varying the strength of environmental fluctuations from σ = 0 148 to σ = 0.75. This spans the range of observed environmental fluctuation effects on mortality in both terrestrial and aquatic systems (Vasseur & Fox, 2007; Condit et al., 1995) . For each parameter combination, we calculated each species' growth rate when rare, determining coexistence using the mutual invasibility criterion. Then, using an example with strong pre-152 dation preference (Ω P C 1 = 0.9), we decomposed coexistence into its mechanistic components predator preferences, and applied global optimization by differential evolution to estimate 161 the new parameters M C 3 , J C 3 , R 0 3 , Ω P C 1 , Ω P C 2 , and Ω C 2 R and predator preferences (Table 1) 162 (Ardia et al., 2016) . To ensure that populations were stable, we estimated parameters with-163 out stochastic mortality of consumers. We created a scoring function based on counting the 164 number of times any of the populations fell below a value of 0.001 over the course of 5000 165 timesteps (excluding the first 1000 'burn-in' time points) and applied differential evolution We repeated this process to compare coexistence mechanisms under two alternative param-171 eter combinations (Table 1 ). We visually confirmed that these parameter sets resulted in 172 different dynamics in the absence of environmental variation ( Fig. S3 .1, S3.2) and with en-173 vironmental variation ( Fig. S3 .3, S3.4). Using these systems, we calculated coexistence and 174 its mechanistic decomposition when including environmental variation as described above.
175
To further investigate how complex systems are stabilized, we included a second predator 176 10 in the model (Eq. S3.2). We followed the same method as above, using the parameter set 177 of replicate 1 from Table 1 to estimate the new parameters for the second predator. We 178 visually confirmed that the estimated parameter set for the model containing two predators 179 resulted in stable dynamics ( Fig. S3 .5, Fig. S3 .6). This methodology allows us to compare 180 coexistence mechanisms with the entire food web (two predators, three consumers, and one 181 resource) and a subset of species from the food web. 
252
To examine the generality of these results, we calculated both consumer species' growth 253 13 rates when rare and coexistence when varying predation preference and the strength of 254 environmental variation. Predation preference had a stronger effect on both coexistence 255 and growth rates when rare compared to the strength of environmental fluctuations (Fig.   256 4). With no predation preference, C 1 outcompetes the inferior consumer C 2 . As predation 257 preference increases, C 2 then is able to outcompete C 1 . Only at high preference of the 258 predator for C 1 do both species coexist, as the high predation preference yields oscillatory 259 dynamics that maintain coexistence.
260
However, while growth rates when rare for each species and overall coexistence depend 261 only moderately on the strength of environmental variation, the relative importance of co-262 existence mechanisms changes substantially with increased environmental variation (Fig. 1 ).
263
With low environmental variation, coexistence of C 2 with C 1 is stabilized by ∆ 0 i and ∆ P i .
264
As the strength of environmental variation increases, ∆ 0 i becomes less important and even To assess how coexistence changes with increasing food web complexity, we first examine 272 adding another competitor to the diamond model ( Fig. 5A shows results for the first param-273 eter set). We find that the inclusion of a third competitor causes a reduction in C 1 's growth 274 rate when rare and destabilization by variation in predation and and environmental fluctu-275 ations (Fig. 5B ). Further, our two parameter sets result in differing stabilizing mechanisms 276 for C 2 (Fig. S3.7) , where the effect of ∆ EP i can be stabilizing ( Fig. S3.7 B) or destabilizing 277 ( Fig. S3 .7 E). These findings suggest that the stability of a food web is achieved not just 278 through its structure, but as a function of how the species interact with one another. Fur-same parameterization), comparing Fig. 3 and Fig. 5 highlights the different expectations 281 for coexistence when only considering part of the larger ecological community.
282
To compare how mechanisms of stabilization change when a second predator is included 283 (Fig. 5E ) we decompose the coexistence mechanisms of this expanded system (Fig. 5 F-H) .
284
The inclusion of a second predator leads to a further reduction in the growth rate when rare 285 of the superior competitor (C 1 , Fig. 5F ). The second predator also decreases stabilization by 286 nonlinearity in predation for C 2 and causes the effect of ∆ EP i to switch from destabilizing to 287 slightly stabilizing (Fig. 5G ). Again, we find different expectations for coexistence strength 288 and its mechanistic comparison when comparing the full model to ones that only consider 289 a subset of species interactions. In aggregate, our results from decomposing increasingly 290 complex food webs demonstrate that the nature of interactions as well the food web topology 291 impact the mechanism by which species coexist. J P 2 predator 2 intake rate 0.365359 Ω P 2 C 1 predator 2 preference coefficient for C 1 0.384297 Ω P 2 C 2 predator 2 preference coefficient for C 2 0.607627 Fox (2007) . The mechanistic decomposition of the 2 consumers, 1 predator system is shown in Fig. 3 . The bold values from the 3 consumers, 1 predator extended model are those of replicate 1. The mechanistic decomposition of the replicate 1 system are shown in Fig. 5B-D . The values of replicate 2 are given beside the estimates from replicate 1. The mechanistic decomposition of the replicate 2 system are shown in Fig. S3 .7D-F. The bold parameters are subsequently used for the 2 predator extension. The mechanistic decomposition of 2 predator extension is shown in Fig. 5F -H. 28 . Coexistence requires that both species' growth rates when rare are positive (panels B, C; orange and red colors). For species 1, increasing predation preference decreases its growth rate when rare initially, but then allows for coexistence via oscillatory dynamics. For species 2, increasing the predation preference for species 1 increases species 2's growth rate when rare. Figure 6: Application of coexistence partitioning to the empirical rocky intertidal foodweb, comparing two levels of larval supply (high and low). Results show the mean and standard error for 500 replicates, each run for 100 years. Both barnacles coexist, despite a destabilizing effect of the interaction between environment and predator fluctuations (∆ EP i ). Limpets exhibit a slight negative growth rate when rare, suggesting competitive exclusion. Note that neither predators consume limpets, thus the effect of ∆ EP i on limpet coexistence strength is an indirect effect mediated by predation on barnacles (see Fig. 2 ). Additional larval supply scenarios are presented in Fig. S4.1 
